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By introducing a set of new triplet leptons (with nonzero hypercharge) that can Yukawa couple 
to their Standard Model counterparts, new sources of tree-level flavor changing currents are induced 
via mixing. In this work, we study some of the consequences of such new contributions on processes 
such as the leptonic decays of gauge bosons, I — > 31' and I — > which violate lepton flavor, and 
fi-e conversion in atomic nuclei. Constraints are then placed on the parameters associated with the 
exotic triplets by invoking the current low-energy experimental data. Moreover, the new physics 
contribution to the lepton anomalous magnetic moments is calculated. 
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0) ' I. INTRODUCTION 

The discovery of neutrino oscillations [l[ has long been suggestive of new physics in the lepton sector. It provides 
compelling evidence for nonzero neutrino masses, and hints of possible lepton flavor violation (LFV). However, it is 
well-known that the minimal Standard Model (SM) cannot incorporate these new ingredients, so it must be extended 
in one way or the other as a result. Clearly, there is a huge variety of approaches for introducing new physics. 
(*S | Nevertheless, from the point of view of phenomenological studies, the most essential part of any models is the 
JL , effective couplings induced between ordinary SM particles and the exotic ones. Therefore, even without specifying 
the underlying mechanisms (or UV completions) that give rise to these operators, a lot of useful analyses on the new 
C"| \ particles can be studied. This is the approach we shall adopt in this work. 

Whilst there are potentially many different new effective operators which can lead to interesting phenomcnologies, 
our main focus here is motivated by the generic minimal couplings of the form 

■ Exotic (SM particle) • (SM particle) • (exotic particle) , (1) 

mi 

^ — , , where l^xotic denotes the coupling strength. Such minimal interactions are of interest because it is relatively simple 

■ and may lead to well-defined collider signatures Q which may be seen at the LHC in the near future. Since we would 
like to concentrate on the lepton sector alone, we take all particles in (Q]) to be uncolored (in the SU (3) c sense) but 
allowing the "exotic particle" to be either a scalar boson, a fermion or a vector boson. With these choices and the 
requirement of renormalizability, there are five distinct types of interaction with the SM fields (schematically) 1 , 
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X 



(i) L L x L L x [new] , (ii) L L x i R x [new] , (iii) l R x l R x [new] , 

(iv) Ll x (j) x [new] , (v) l R x x [new] . (2) 



H \ where Ll = {vlAl) T is the left-handed (LH) lepton doublet, l R is the right-handed (RH) lepton singlet, and 
4> = (</> + , 4>°) T denotes the SM Higgs doublet. Suppose these interaction terms must also obey Lorentz and SM gauge 
symmetries, then there are only 13 types of exotic multiplets (see Tabic [J) which fit either one of the setups in ©. 
Furthermore, it is perhaps obvious that the majority of the new particles implied by these minimal couplings have 
already been closely studied due to other motivations. However, to the best of our knowledge, the exotic lepton 
triplets with nonzero hypercharge, E R x = (E° R , E~[ R , E2~ R ) T ', and the doublets, Ll.r = {L^ R , L2~ R ) T (see TableU 
for their transformation properties) have received very little attention. 2 

So, the aim of this work is to fill part of that gap by investigating in some details the implications of introducing 
E Ry L to the SM. 3 We begin by elucidating the formalism used to analyze the system in the next section, before deriving 
various experimental constraints on the relevant new physics parameters in subsequent sections (with a summary of 



'Electronic address: ckchua@c ycu.edu. tw| 
t Electronic address: slaw@c ycu.edu. tw| 

1 We have ignored terms like (SM Higgs)(SM Higgs)(ncw boson) because they do not involve any type of leptons. 

2 Recently, the E^^-like triplets were mentioned in the context of neutrino mass generation involving a triply charged Higgs f20tl . 

3 The analysis of the exotic doublets, n, shall be presented elsewhere. 
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all constraints and fits collected in Sec. [Vj) . Processes such as W and Z decays (Sec. LFV decays (e.g. I —> 3£', 
I — > £'"/) and [i-e conversion in atomic nuclei (Sec. IIV|) are considered as a result, while discussion on the new physics 
contribution to the lepton anomalous magnetic moments will also be included (Sec. IVIj) . 
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TABLE I: Summary of the 13 types of exotic multiplets induced by the 5 general types of minimal couplings: (i) LlxLlX [new], 
(ii) Ll x (.r x [new], (iii) £rX IrX [new], (iv) Ll x (f>x [new], and (v) Ir x <j> x [new]. Hypercharges are defined with Q — I3 + Y . 



II. MODEL WITH EXOTIC LEPTON TRIPLETS, E RiL 



In order to identify and study the new phenomenologies arising from the mixing with the exotic lepton triplets (and 
to establish the notations), we shall begin by describing the model in detail. Consider adding to the SM two sets of 
new leptons (RH plus LH) which transform as triplets in SU(2)l and all carrying hypercharge of —1 (where we have 
defined Q = I3 + Y). We can conveniently group them together in a 2 x 2 matrix representation as follows 



_ E R /V2 



-Er/V5j 



E l = 



EZ/V2 
E7- 



-El/V2j 



(3) 



where En and El are independent fields and both transform as (1, 3, —1) under the SM gauge group. 4 In the following, 
we shall also introduce three RH neutrino fields, vr, so that neutrinos can have a Dirac mass. However, we do not 
include a Majorana mass term (e.g. v c r Mrvb) in the Lagrangian (and hence no seesaw mechanism 5 ) for simplicity. 
Thus, the Lagrangian of interest is given by 

C E = Tr \E r 0Er] + Tr {E L i$E L } - Tr \E R M E E L + h.c] - [L~ L Y E E R q> + L L Y £ (f> Ir + L L Y v <f v R + h.c] , (4) 



where 



') T , and the covariant derivative, 



IP 



V2 




ifj 



cos ( 



(e>0) 



(5) 



with Q and J3 being the operators for electric charge and the 3rd component of isospin respectively. In Q, the 
Yukawa term involving Ye defines the minimal coupling between SM leptons and Er while Me sets the energy scale 
of the new physics. It is worth pointing out that SM symmetries forbid a similar type of minimal couplings for Er, 



4 As a result of the identical transformation properties for RH and LH fields, chiral anomalies cancel automatically. 

5 A full discussion on the mixing effects due to seesaw models can be found in lid [2lll . 
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with other SM leptons, and hence El enters into this picture only via the mass terms. Writing out all the relevant 
interactions in Q, we have 



£ E = C W +C Z + £ mas S + £ ff + . 



where 

^mass 



9 

9 



vlWIl + -j= E R WE R ~ - E^T Er + {Er -> E L } 



cos 9„ 



- v l 4jV L + y-- + sin 



£ L $£ L +sin z e w t R $l R 
+ sin 2 6 W ~E^$E R + (-1 + sin 2 9 W ) E^ $E R ~ + E^$E% + {E R -> £ L } 



(6) 



(7) 



(8) 



-E R M E E- - E R M E E° L - E R ~M E E-- - —v L Y E E R + -i L Y E E R - ^m^u - V L m D v R + h.c. , (9) 



±=V L Y E E R H + \l L Y E E R H - -t L mti R H - -^m^if + 
V2 2 v v 



(10) 



In getting ([9]) and (fT0|) . we have written <jj = (0 + ,0°) T = (0 + , (u + if + ir/)/\/2) T , where w is the Higgs vacuum 
expectation value, rj and cfy^ are the would-be Goldstone bosons. Also, we have defined mi = vYg/y/2 and m^ = 
vY v /V2. 

To deduce the mixing between SM leptons and the components of the exotic triplet, it is convenient to package the 
LH and RH fields in the following way 



(11) 



L I \ R / 

and rewriting (J7J to (|10[) in matrix forms. In particular, for £ mass we obtain 



(12) 



Without loss of generality, one can choose to work in the basis where mi and M E are real and diagonal (which is what 
we have already assumed in writing out (|12p above). All fields are related to their mass eigenbasis via the unitary 
transformations 



VL,R \ T , / ^L,.R 



(13) 



J L,ii/ \ J ^L,R / 

where the subscript m indicates the mass basis. In general, Ul r and Vj, r are (3 + n) x (3 + n) matrices with n 



denoting the number of generations for the exotic El,r fields. To O (v 2 M E 2 ), the transformation matrices are given 



by b 



U L 



1 - A -vY E M E 1 /2 
vM~ l Y E /2 1-2A' t 



V L = 



(1-2X)U V vY E M E x jyj2 
vM E x Y E XJ v l^f2 1 - 4A' 



^ = [ 1 - V m,y £ M £ 2 /2 



1 

t-Af E 2 y]m D /y2 



(14) 
(15) 



where 



- u -^-rt y i 

8 M E e E M e 



(16) 



In the definition of V/j, the neutrino right diagonalisation matrix U v r (from utm' D U v ii = m^ ag ) has already been absorbed into mo 
in 1121 . In other words, mjj = m' D U v R. 
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are 3x3 and n x n matrices in flavor space respectively, while U v is the unitary matrix that transforms v E into its 
mass eigenbasis. At this order, U v may be identified as the usual neutrino mixing matrix, E/pmns- 
Hence, C w ,£ z and C H with respect to the mass eigenbasis become 



W 



C 




C 



H 



I E- 



£ E- 



Pl 9 C l C 



H 



Pl [9l 



PR9i 



H 




Pr9r C 



P n NC 

f R9ri 



Pl{9 C l C )' + Pr{9^) 



cc\t 



Pl 9 L° 



PR9u 




P n NC 



with the new generalized coupling matrices given by (to leading order) 



9T 



NC 
9 Li 



NC 

9lv 



9? 



9? 



-A) > 

vM E 1 Y E /2V^ (2A' - l)/\/2; 



Sr 



-vM- 2 Y E mt>/2-j2 -1/V2 



-1/2- 



sin 



vYeM^/A 
-A' + (l-2A')sin 2 0. u 



NC 

9m 



1/2 + 2Ul\U v -v UIYeM- 1 /2s/T 
vM^}Y E U v 1 - 6A' j 



NC 

9ru 



~vM E 2 Y E m D /V2 



Iy e m e 2 /V^ 



(20) 
(21) 
(22) 



(3A - l)m e /v (1 - \)Y E /2 + mjY E M E 2 /2\ 
M^Ylnu/2 -vM^Y^Ye/4 ) ' 

C/t(6A - l)m D /v Ut (-m D nJ D Y E M E 2 + (1 - 2\)Y E ^ /y/fr 



-M E x Y E m D lsf2 



-vM^yIYe/2 



(23) 



Note that each upper-left (3 x 3)-block in (f2"U| to (|23)) corresponds to the modified mixing matrix for the respective 
interaction involving SM leptons. In particular, we observe that new contributions to tree-level flavor changing 
currents would be provided by the nonzero off-diagonal entries of matrix A. Furthermore, these (3 x 3)-submatrices 
that define the new mixings between ordinary leptons are now in general non-unitary. 

Suppose we define the non-unitary mixing matrix which is responsible for charged current mixing as 

N ee (1 - \)U V , (24) 

then we note that, at first order in A, observable effects mediated by W and Z may be conveniently re-cast as follows 

C cc = (25) 



■^=vW + P L NU + h.c. , 



C 



NC 



cos( 



L 



Pi. 



1 



Pr sin 2 



t + V$P L \-{N*N) 



1 



(26) 



Expressions ([25]) and (|26|) are analogous to those derived and subsequently analyzed in [Kj for seesaw models. It 
is worth pointing out that the structure displayed in (|26[) . though looks similar to its counterpart in floj |. they are 
definitely not identical in form. The small difference comes from the fact that these exotic triplets carry nonzero 
hypcrcharges which resulted in the ^3 assignments being different from the seesaw situations. 

Although this viewpoint of linking the new physics to the non-unitary in weak mixing can be useful, for the purpose 
of our investigation here, we have found it more convenient to use the expressions written in (jTTJ) to p^|) for doing 
the calculations. Henceforth, we shall present all our discussions in terms of A rather than N . 



III. CONSTRAINTS FROM W AND Z DECAYS 



As hinted earlier, elements of the A matrix (see (|16p for definition) which encapsulate all the essential information 
regarding triplets E, are the key to any new physics contributions to the electroweak processes considered in this 
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paper. Amongst them, the most basic interactions are the tree-level W and Z decays into SM leptons. As we shall 
see, these processes can provide constraints on all elements of A although the restriction for the off-diagonal entries 
are not as stringent as those obtained from other LFV interactions (see Sec. IIVj) . Nonetheless, their constraints for 
the diagonal elements of A will be useful in the later analysis of the anomalous magnetic moments (see Sec. IVII) . 

A. W decays 

The rate for W decaying into a lepton of flavor a plus a neutrino may be straightforwardly obtained by invoking 
the relevant interaction terms in (|17j) . Using the usual approximation of negligible final lepton masses and in the 
centre of mass frame, one gets 

T(W t a v a ) = T(W ->■ l a vi) , 

i 

where we have only kept the leading order terms in A. In ([27)) . Mw is the mass of W while Gf is the Fermi constant 
extracted from muon decay when assuming only SM physics. 

In order for (|2"7| to be a useful bound on the elements of A, one must also study the modification to the value of 
u Gf" as measured from muon decay experiments (/i — > e + missing energy) in the presence of the new physics due 
to triplets E. It is not difficult to see from ([20)) and ([21]) that additional tree-level flavor changing currents mediated 
by W and Z are expected to give rise to a new definition for the Fermi constant. In terms of the SM version of Gf, 
we have to leading order 



G' F ~ G*yi - 2A ee - 2A MM , with G% = g 4 /32M^. (28) 

Using ([28]) in ([27]) , one can rearrange the expression to obtain a global constraint on A ee , A w and A rr in terms of 
experimental parameters: 

„ _ (1-2A QQ ) r(W-> )6v / 2 7T 

•\/l — 2A ee — 2A^ G'pM w 

Putting in the respective values from (22j. 7 we arrive at the following bounds for K a : 

'0.986 ± 0.033 , a = e, 
K a = { 0.969 ± 0.034 , a = fx, (30) 
1.032 ±0.040, a = r. 

As expected, this quantity (within experimental uncertainties) is very close to 1 — the limit where the new physics 
is decoupled. 

B. Z decays 

In this subsection, we investigate the bounds for the elements of A coming from Z decaying into charged leptons: 
Z — > £ a £p. The a = j3 cases will place restrictions on A^a's whereas for a ^ /?, the off-diagonal entries can be 
constrained. 

Applying the usual formalism on the modified couplings in (|21[) . the decay rate, T(Z — > £a£ a ), may be easily written 
down (in the usual massless limit for the final state leptons) as 



nz w = {\(9?f)ll\ 2 + |G£ )£| a ) 



G' F M\ 



377^2 - 4A ee - 4A P 



sin 2 9 W — + X aa 



1 



2 



sin 2 ^! I, a = e,fj,,T, (31) 



7 Note that what we have labelled as G' F is simply the experimentally measured Fermi constant ss 1.16637(1) X 10 GeV 
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where we have again included the correction to the Fermi constant. 6 W and M y ar e the usual Weinberg angle and Z 
boson mass respectively. Putting the decay widths obtained from experiments [22j into (|31[) for each lcpton flavor a, 
one gets a system of three equations in the A QCt 's. Solving these simultaneously then yields 

-2.7 T 0.4 x 1CT 3 , a = e, 
{ -2.9 T 0.4 x 1(T 3 , a = [i, (32) 
-3.1 + 0.4 x 10" 3 , a = r. 

These results should be checked against the values obtained in the W decays for consistency. Taking into account the 
uncertainties in K a , we have found that the bounds displayed in (|3"2")l are compatible with those in (|30p . Although one 
may worry about the negative sign in front of A Qa , this outcome is not unexpected given that there is also a minus 
sign in the definition of (f2"4")l . 

Next, we turn our attention to the case where a^/J. The decay rate is given by 

T(Z^eJp) = ^^\\ a p\ 2 , a ^p. (33) 
3y 2 7r 

Clearly, in the limit \ a p — > 0, this rate disappears. This is in accordance with the fact that there is no flavor changing 
neutral currents (FCNC) at tree-level in the SM. Writing this as a branching ratio and keeping only the leading order 
terms in the denominator, one has 

Bv(Z -> = g| - Bv(Z -> IX) , 



T(z -> £ CT 4) 
\x aP \ 2 Bv{z -+e~t a ) 

2 sin 4 6 W - sin 2 9 W + 1/4 



(34) 



From this, we can derive the following bounds for |A a( g|: 8 

|A e/1 | < 1.8 x 10" 3 , (35) 
|A eT | < 4.3 x 10" 3 , (36) 
|A M ^| < 4.7 x 10- 3 . (37) 

Notice that since A is hermitian (as we are working in the basis where Me is real and diagonal), \\ a p\ = |A/3 a | 
necessarily holds. 

IV. CONSTRAINTS FROM LFV DECAYS OF CHARGED LEPTONS AND A t-e CONVERSION IN 

ATOMIC NUCLEI 

Some of the strongest constraints on the new physics come from the studies of lepton flavor violating decays of 
ordinary charged leptons. Therefore, in the following two subsections, we present our analysis of the contributions 
induced by the exotic triplets on charged lepton processes like £ — > 3£' and t — > £ >r y. Furthermore, in the third 
subsection, we shall take a look at the bound coming from experiments studying the muon-to-electron conversion in 
atomic nuclei as it is well-known [23[ that such process can give rise to a very strong constraint on the [i-e-Z vertex. 

A. tree-level I — > 3£' decays 

Given three generations of ordinary leptons, there arc only three generic types of final lepton states possible for 
a charged lepton decaying into three lighter ones: £p£p£p, £ a £p£p, and £ a lp£p, where (j ^ a ^ a, with a denoting 
the flavor of the decaying lepton. For all of these cases, the mediating particle can be either the gauge boson Z or 
the Higgs boson H. However, the amplitude associated with the Higgs is suppressed by a factor of m 2 a /Mjj, where 



Note that the LFV branching ratios quoted in |23l is in fact the experimental values for Br(Z — ¥ tain) + Br(Z — ¥ l a lf)). Therefore, the 
expression in 1341 1 must be multiplied by a factor of 2 before applying the experimental numbers. 
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m a and My denote the lepton and Higgs masses respectively. Thus, we may ignore their contributions to a good 
approximation. 

Extracting the relevant coupling from (|21[) . and invoking the usual assumption of negligible hnal state masses, we 
get the following formulae for the branching ratios: 



Br(€ Q -> Iplplp) 



Br( 



T(£ a -> £f}v a v fi ) 
|A 0Q | 2 (12 sin 4 6 W - 8 sin 2 6 W + 2) Bi(£ a -> t p v a Vp) , 



for a = /i, r , 



(38) 



and 



Br(£ Q -> f^/j) ~ |A CTQ | 2 (8sin 4 ^ - 4 sin 2 9 W + 1) Br(£ Q -> ipv a Vp) 
BT(i a ->l a lf,£ p ) ~ 2|A /3ff | 2 |A /3Q | 2 Br(C -+ lpv a Vp) , 



(39) 

for a = r only , (40) 



where we have kept only the leading order terms. 

For (|3"8"|) . there are three kinematically allowed processes (/x — > 3e, r — > 3e, r — > 3/i), which lead to the constraints 



|A eM | < 1.1 x 10~ 6 , 
| A eT | < 5.0 x 10~ 4 , 
lA^I < 4.8 x 10~ 4 , 

while (|39[) has two possibilities (r — > efljl and r — > /itee), yielding 

| A eT | < 6.5 x 10~ 4 , 
(A^l < 5.5 x 10~ 4 . 

Finally, we have 

|A Me ||A MT | < 2.6 x 10- 4 
|A e JA er | < 2.4 x 10~ 4 . 



(41) 
(42) 
(43) 

(44) 
(45) 

(46) 
(47) 



from another two possibilities (r — > efifi and r — > ~p.ee) allowed by (|40)) . Note that in deriving (|4Tj) to (|47|) . we have 
used the branching ratios from [22|. 

As expected, these LFV processes provide a stronger set of constraints than those derived in ([33]) to (|37|l from the 
previous section. 

B. radiative ^ — > £'7 decays via one loop 

Another type of LFV processes that has received enormous amount of attention is the radiative decays of charged 
leptons (£ — > £'"/)■ There is continually much ex per imental effort on improving the bounds associated with these 
rare interactions. 9 The current MEG experiment [25( located at PSI is expected to reach a sensitivity of O (l0~ 13 ) 
for the fi — > 67 branching ratio, which is a significant improvement compare to the current limit of Br(/i — > ej) 
< 1.2 x 10 -11 [26|]. In addition, the Super KEKB project 27| will provide the platform for investigating LFV r decays 
at an unprecedented precision. As a result, the bounds on r — > ej and r — > ^7 are also expected to tighten. 

Generically (because of gauge invariance), the transition amplitude for £ a — > £pj is given by the dimension-5 
operator of the form 



T(£ a -> £pj) = up(A + B75) ia pv q v e p u a 



(48) 



where A and B correspond to the transition magnetic and electric dipolc form factors 10 respectively. In writing this 
down, we have used the on-shell condition, q 2 = 0, and e ■ q = 0, where q v and e p denote respectively, the photon 4- 
momentum and polarization. In the SM with neutrino masses (m„ > 0), it is well-known that electroweak interactions 



9 For a review, see for example |24H . 

10 It is understood that A and B are dimensionful quantities when written in this form. Also, we have absorbed the extra factor of i which 
is usually associated with the definition of the electric dipole moment into B. 
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FIG. 1: Lowest-order diagrams that are relevant for the amplitude calculations of LFV decays (l a — > Ip^f) and anomalous 
magnetic moments of SM leptons (when a = /3) in the unitary gauge. Subscript j denotes the flavor of the internal leptons, 
and is summed over in the computation, (a) The case mediated by Vj corresponds to the usual diagram studied in standard 
electroweak theory, while the Ej diagram comes from the new interactions; (b) & (c) new contributing diagrams involving the 
Z boson and physical Higgs, H. 



involving the W bosons in a loop (see Fig. QJi) cangive rise to a finite value for this amplitude although its size turns 
out to be vanishingly small because Mw 3> m v (28l. l29l]. However, the situation may change drastically when there 
are new couplings to the SM leptons, such as those involving the exotic triplets studied here. 

From Lagrangians (|17[) to (|19[) . we can identify all the new interactions and subsequently calculate the corresponding 
loop amplitudes from the definitions of the modified coupling matrices given in (|20[) to (|23[) . Working in the unitary 
gauge where only diagrams associated with the physical degrees of freedom are relevant, there are three types of 
one- loop graphs which may contribute to the LFV £ a —> ^7 process (see Fig.[T|). As a result of the direct involvement 
of the triplet particles E° and E~ in these diagrams, stringent constraints on |A Q ^| can be derived. These expressions 
are particularly useful when the expected improvement in experimental bounds are realized in the near future. 

In calculating the amplitude for the lowest-order graphs in Fig.[TJ we note that any terms in (|48p that is proportional 
to up"f p u a (or U£j5"f p u a ) will not contribute to the final answer as they cannot be transformed into the electromagnetic 
moment form [281 ] . We can separate out this unwanted component from (|48[) using Gordon identity, and get 

T(£ a = up(A + Bj 5 )(2p ■ e - m a ^)u a - up{A - Bj 5 )mpfa a , (49) 

where we have again used e ■ q = when simplifying the expression. In (|49[) , p is the momentum of £ a while m a ^ 
denotes the i ay p mass. Working in the limit where the final state lepton is assumed to be massless (mp — > 0), one 
finds that amplitudes A and B become identical to leading order in A, and thus in the explicit computation, we simply 
require to evaluate the coefficient of the up(l + 75) (2p ■ e)u a terms for all graphs. 

Because we wish to work in the unitary gauge where there are less diagrams to consider, 11 our strategy is to perform 
the calculations in the notations of the generalized renormalizable (R^) gauge [30| . and at the end of the computation, 
we take the limit £ — >• 00 to obtain the desired results. 12 Moreover, we will work exclusively in the mi <ti Mw,z,h 
and mp -C 1 limits (where mi represents the mass of the internal j-flavor SM lepton) and will only keep the leading 
order terms. 

After the dust has settled, we obtain the following expressions for the amplitudes of the one-loop contributions 
shown in Fig. [T] (superscripts and subscripts denote the type of internal leptons and bosons involved respectively): 

(50) 

MlJMl , (51) 
(52) 

Zi = Ml.lM%, (53) 



z — iGFm a e 4(1 + sin 2 6 W ) 

Az = ^m 3^ — ' 

Af = -g^e ^ £ {YeM ^^ (u-xyij ^ [h{zj) + u[Zj) + h{Zj)] 



11 One drawback is that some of the intermediate expressions/steps would be considerably more complicated than in other approaches. 

12 We have adopted the definition of J as used in modern textbooks [28l . l3l| , which is equivalent to the parameter 1 /£ as appeared in [3dl | . 
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A 



H 



A H — 



-iGprriae 
-iG 



3mf /mf\ 



H 



H 



(54) 
(55) 



with 



fs(x 
h{x 



-10 + 43a; - 78a; 2 + 49a; 3 - 4a; 4 - 18a; 3 In a; 

12(x- l) 4 
-4 + 15a; - 12a; 2 + a; 3 + 6a; 2 In a; 

2(a;-l) 3 ' 
-4 + 9a; - 5a; 3 + 6a;(2a; - 1) In x 

3(a;-l) 4 ' 
llx - 18a; 2 + 9a; 3 - 2a; 4 + 6a; In x 

\2{x- l) 4 ' 
—3a; + 4a; 2 — a; 3 — 2a; In x 

4(i- l) 3 ' 
2a; + 3a; 2 — 6x 3 + a; 4 + 6a; 2 In x 
12(x- l) 4 ' 



(56) 
(57) 
(58) 
(59) 
(60) 
(61) 



In the above, m Uj , mg. and Me- denote, respectively, the mass of the j-fiavor neutrino, SM lepton and exotic E 
particle. Note that the second term in (|50[) is nothing but the usual contribution from neutrino mixing in standard 
electroweak theory [28|,[32j], where the U v matrix is the same as the one appeared in (|2~4"|) . 
So, we have for the total decay rate: 



and subsequently, the branching ratio 



47T 



A" i AE a 



A e z + Af 



A £ H + A E H 



3a„ 

Br(£ a -> l pl ) = — i 

Z7T 



1 4 .2 

h - sin 

3 3 



E3m? / m? N 
1- In — t- 



III 



2 

E j ( Y * M i\i ( J/ i ly «) JO lA(»j) + A(»j) + Afe) + /<(2j) + / 5 (2j)] 



m^ 2 ( 



-2/ 5 (M+/6(M] 



Br(£ Q -}f.pv a vp) , 



(62) 



(63) 



where a e is the fine-structure constant. Taking M^. ~ 100 GeV (the lower bound for heavy charged leptons [22[) 
for all j, and assuming the Higgs mass, Mjj, is about 114 GeV [33|, the experimental limits [22| on Br(/i — > ej), 
Br(r — > e-f) and Br(r — > ^7) then lead to 13 



|AJ < 2.2 x 10- 
| A eT j < 2.7 x 10" 
|A„J < 3.1 x 10" 



(64) 
(65) 
(66) 



These bounds are not as strong as those displayed in (|4"Tj) to (|4"3"|) which come from tree-level interactions. However, 
improvement is expected when the new and ongoing experiments mentioned have reached their projected sensitivities. 



Note that if we have chosen a larger value for the mass of Ej, it will only make these bounds less stringent. 
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C. /i-e conversion in atomic nuclei 



Owing to the fact that coherent contribution of all nucleons in the nucleus can enhance the experimental signals, 
muon-to-clectron conversion in muonic atoms provides another excellent platform for studying tree- level FCNC. Not 
only does it place a constraint on the same \x-e-Z vertex as appeared in Z — > e^T, /i — > 3e and the loop graphs 
in FigQ}}, as we shall show below, its bound on |A e ^| is the most stringent amongst all applicable LFV interactions 
considered. The test for /i-e conversion, therefore, plays a complementary role to the investigation of /i — > ej in the 
probe for physics beyond the SM as they are induced differently. 

In what follows, we shall assume that the only contribution to the /i-e conversion rate in our setup comes from 
exchanges with the Z bosons. This approximation is sensible because the cases mediated by the photon and the Higgs 
are suppressed by loop effects and M^ 1 respectively. So, at the quark level and after integrating out Mz, the effective 
interaction Lagrangian which can induce the /i-e transition can be written as 14 

£^ e = V2 G F l e "f u {kv ~ *U7s)^ [q u Ju( v u + aulb)qu + q,ilv( v d + adlb)qd] , (67) 
where q u ^ d denotes the u, d-quark field while 

k v = k A = -\ efl , a u = -a d = , v u = - - - sin 2 9 W , v d = -i + | sin 2 8 W . (68) 

Appealing to the general result obtained from FCNC analysis with massive gauge bosons in [23| , we then arrive at 
the following expression for the branching ratio of fi-e conversion in nuclei: 15 

G 2 r, a 3 m 3 v' E' o F 4 (l 2 

n 1 cap ^ 

where p' e (E' e ) is the momentum (energy) of the electron, represents the total nuclear muon capture rate for 
element A, and Z (Z e g) is the (effective) atomic number of the element under investigation. In F(q 12 ) is the 

nuclear form factor which may be measured from electron scattering experiments [34| while 

Q = (2Z + AO v u + {Z + 2A0 v d , (70) 

with Af denoting the number of neutrons in the nuclei. 

Given that one of the best upper limit on the /x-e conversion branching ratio is obtained from measurements with 
titanium-48 (fjTi) in the SINDRUM II experiments [H: 

B^ e = r(M ' T ; T r e ' Ti) < 4.3 x 10- , (71) 

cap 

we shall use the parameters for element in (|69p to deduce our bound. 16 Following the approximation as applied 
in [23[, we take p' e ~ E' e ~ m M , and F{q' 2 ~ — m 2 ) ~ 0.54. In addition, we have Z e g ~ 17.6 for f|Ti and 
= Tji ~ 2.59 x 10 6 s" 1 Hence, JBSJ and ([71]) combine to gi 



lve 



|A ep | < 5.3 x 10" 7 , (72) 



where in the derivation, we have taken into account the modification of Gf as discussed in (|28[) and subsequently, 
substituted in the values from ([32]) . 

As foreshadowed, the bound displayed in (|72[) is indeed the most stringent one on |A ejU | , and with the new experiments 
being planned, respectively, at J-PARC and Fermilab by the COMET (and PRISM/PRIME) and Mu2e (U 
collaborations, it is expected to become even stronger in the near future. 



We have assumed that standard electrowcak interaction operates in the quark sector. 
This result is a good approximation only for nuclei with less than about 100 nucleons. 

Although the value quoted in the experiments with gold (Au): r(/i~ Au — > e _ Au)/r*° < 7 X 10~ 13 [3(| is smaller than the one in 
171t . theoretical calculations |37|| have shown that for very heavy elements (atomic number Z > 60) like Au, the /i-e conversion rate 
is actually suppressed. Therefore, this does not necessarily indicate a better bound on the rate, especially when the estimation of the 
nuclear matrix element for such heavy nuclei can carry large uncertainties. 
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V. GLOBAL FIT ON THE ELEMENTS OF A AND SOME CONSEQUENCES 

In this section, wc bring together all the results obtained thus far and perform a global analysis on the elements 
of the A matrix, which are key to determining the new physics effects from the triplet leptons. For convenience, a 
summary of all constraints derived in Sec. Mil and ITVl are collected in Table [TT1 



parameter(s) 


process 


limit on BR 


constraint on A's 




Z — > e e T 


3.363 ± 0.004 x 10 


—2.7 =F 0.4 x 10 


XfAfj, 


rz — 4- 

Z — ^ fi fi 


3.366 ± 0.007 x 10~ 2 


—2.9 =f 0.4 x 10~ 3 


Xtt 


Z — y t t 


3.369 ± 0.008 x 10 


—3.1 =p 0.4 x 10 




Z — > e /x + 


< 1.7 x 10 


< 1.8 x 10 




— — — + 
(i — > e e e 


< 1.0 x 10 


< 1.1 x 10~ 6 


/i — > e7 


< 1.2 x 10~ n 


< 2.2 x 10~ 4 




/x-e conversion 


< 4.0 X 1U ( llj 


< o.o X 1U 




Z — > e 


< 9.8 x 10 


, A O 1 A — 3 

< 4.3 x 10 


\\er\ 


t~ — > e~e~e + 


< 3.6 x 10" 8 


< 5.0 x 10" 4 




< 3.7 x 10~ 8 


< 6.5 x 10~ 4 




r — > ey 


< 3.3 x 10" 8 


< 2.7 x 10" 2 




Z ^i ± r =F 


< 1.2 x 10~ 5 


< 4.7 x 10~ 3 


l-Wl 




< 3.2 x 10~ 8 


< 4.8 x 10~ 4 


r~ — > /i~e~e + 


< 2.7 x 10" 8 


< 5.5 x 10" 4 




r — > 


< 4.4 x 10" 8 


< 3.1 x 10~ 2 


| A/ie 1 1 A/ir | 


r — > e + fi~ fi~ 


< 2.3 x 10" 8 


< 2.6 x 10~ 4 


| A e ^ | A eT 


t — > fi + e~e~ 


< 2.0 x 10 -8 


< 2.4 x 10" 4 



TABLE II: A collection of all constraints on the elements of A = v 2 YeM e 2 Y e /8 from processes studied in Sec. Mil and IIVI 



Studying the results listed in Table [TTI and recalling that |A Q 
overall fit for the elements of A: 



| A^q-I , it is not difficult to obtain the following 



(\*ee\ 




|A 




|A W | 


|A 






|A 



^2.7xl0~ 3 < 5.3 x 10~ 7 < 5.0 x lCT 4 " 
< 5.3 x 1CT 7 2.9 x 10~ 3 < 4.8 x 1CT 4 
^< 5.0 x 10~ 4 < 4.8 x 10~ 4 3.1 x 10" 3 



(73) 



Relation (|73[) is one of our major results in this work. Note that the off-diagonal elements were derived assuming 
Me — 100 GeV (for all flavors). So, this also provides a rough estimate of the size for the exotic coupling Ye (in this 
interesting mass range for Me)' 



I^U £ ° ( 10 ~ 2 ) t0 ° ( 10 ~ 3 ) . for all a, (3. 



(74) 



Should Me be any heavier the bounds in (|73[1 are expected to loosen and the corresponding range allowed for |Ye| q ^ 
would be increased. 

Moreover, if one assumes that the nonzero elements of A induced by mixing with the exotic triplets are the only 
source of LFV in the theory, one may relate the various branching ratios discussed above as follows: 



Br(Z -> e ± /i T ) ~ 3.6 x 10 -2 Br(^-e conversion in Ti) , 
Br(/i~ — > e~e~e + ) ~ 5.3 x 10 -2 Br (/i-e conversion in Ti) , 
Br(/x — > cy) ~ 1.7 x 10~ Br(//-e conversion in Ti) , 

for the processes involving |A eAI |. Whereas for |A eT | and |A MT |, one gets 

Bt(Z e ± r T ) ~ 3.8 x 10° Br(r" e"e"e+) , 
Br(T~ e~n~^ + ) ~ 6.2 x 10 _1 Br(r" e"e"e + ) , 
Br(r e 7 ) ~ 3.3 x 10~ 4 Br(r" e"e"e+) , 



(75) 



(76) 



12 



and 

Bt{Z -> A* ± r T ) ~ 3.9 x 10° Br(r _ -> /x~ /i" , 
Br(r" -> ii~e~e+) ~ 6.5 x 10 _1 Br(r" -> pT n~ n + ) , 

Br(r -> ^7) ~ 3.3 x 1CT 4 Br(r" -> \T fi~ fx + ) , (77) 

respectively. In the above, we have again taken Me — 100 GeV. 17 

Applying the experimental limits on the right-hand side of relations (|75|) to ([77]) . we can obtain the model specific 
bounds on the branching ratio of many key LFV processes. For instance, ([75|) implies Br(/U — > 67) < 7.3 x 10~ 17 in 
this theory with exotic triplets. Notice that this is significantly stronger than the current limit set by experiments. 
As a result, a future detection of this LFV process above this rate will invalidate the predictions of this minimal 
extension to the SM, and point to the existence of other new physics in the lepton sector. Similar conclusions may 
also be drawn from other processes displayed above. 



VI. CONTRIBUTION TO LEPTON ANOMALOUS MAGNETIC MOMENT 

While in Dirac theory the gyromagnetic ratio of a spin-1/2 particle is predicted to have a value of g duac = 2, it 
is well-known that quantum field theory gives a correction to this number via loop effects. The deviation from the 
Dirac result of 2 is usually parameterized by the dimcnsionless quantity (a denotes the flavor) 



where g a is the actual value of the gyromagnetic ratio, 



(78) 



known as the anomalous magnetic moment. It is related to the lepton magnetic dipole moment p, a = —e(l+a a )/2m a s, 
where s is the unit spin vector. In terms of the parameters from quantum field theory, a a = F 2 (q 2 = 0), when the 
form factor expansion for a general lepton-photon amplitude is written as 



Fi{q 2 )l P 



JMg 2 ) 
2m a 



■ iOp V q 



F 3 (q 2 ) 
2m a 



■ ^ pv ib q 



e > 



(79) 



where q v is again the photon momentum (see (|48[) for notations). 18 Therefore, the precise contribution to a a from the 
SM (and indeed any other theories) can be calculated by considering all the relevant loop diagrams for the F 2 (O)-term. 

While the anomalous magnetic moment for the electron, muon and tauon can all be very important in their own 
rights, given the present experimental and theoretical development, a M is the most interesting observable to examine. 
This is because when combining the fact that significant contributions to the overall predicted a M value come from 
every major sectors (QED, electroweak, hadronic) of the SM [13, EH with the ability to experimentally measure a M 
to extremely high accuracy flil l45l|. the SM as a whole can be scrutinized, and any discrepancies between theory and 
experiment would be a strong indication of new physics. On the other hand, although a e have been measured to 
extraordinary precision (hence providing a very stringent test on QED and the value of the fine-structure constant a e 
13 53])' its l° w sensitivity to the contributions from strong and electroweak processes means that any hypothetical 
modifications to these sectors (due to new physics) would not be easily detectable. As far as a T is concerned, even 
though its much heavier mass would in theory imply better sensitivity to any new physics than a M , its usefulness 
has been limited by the relatively poor experimental bounds. In fact, the best current limits set by the DELPHI 
experiments [48[ are still too coarse to even check the first significant figure of a T from theoretical calculations. 



Currently, the experimental values for a e [46 



[451 ] and a T [48( are given by 



zf xp = 115 965 218 073(28) x 10" 



14 



7 Exp 



,Exp _ 



116 592 089(63) x 10 

f < 1.3 x 10~ 2 , 
I > -5.2 x 10~ 2 . 



-11 



(80) 
(81) 

(82) 



17 We have checked that taking Me 00 would only change the numerical factor by an insignificant amount of at most 30%. 

18 Note that the lepton electric dipole moment is proportional to F^{q 2 = 0). 
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Focusing on the muon case, one finds that the discrepancy between experiment and the SM estimate is about 4.0c 

Aa M = a^ xp - al M = 316(79) x 10" 11 . (83) 

If this difference is real (rather than caused by incorrect leading-order hadronic approximation 19 ), then there must 
be some new physics at play. In the following, we investigate whether the effects induced by the exotic triplets can 
have an influential role on this front. 

The procedure for calculating the anomalous magnetic moment due to the modified electroweak couplings of (|20p 
to (|23jl is in fact analogous to the computation for LFV l a — > £pj done in Sec. IIVBI Working in the unitary gauge 
again, the one- loop diagrams one needs to consider are the three main types depicted in Fig. [TJ but with the condition 
a = /3 imposed. As a result, the approximation of massless final state lepton cannot be used any more (i.e. mp 0). 
In addition, since we are only interested in the magnetic moment, the part associated with 75 in the general amplitude 

T{t a -> £' a l) = u a (C + £> 75 ) iG pv q v e ( 'u a , (84) 

will be disregarded. Hence, in the computation, the terms to concentrate on are those proportional to u' a {2p ■ e)u a , 
where p is the momentum of the incoming l a . Apart from these changes, the general strategy is identical to Sec. II V 51 
Employing a similar notation system as before, the amplitudes of the one-loop diagrams from Fig. [1] for the case 
a — (3 are given by (to leading order) 

_ -i.G F m a e (5 10 \ 



8ir 2 V2 V3 3 

= ~fj^ C £ y i Y E M E X ) aj (M^Yl) a [f 7 ( Wj ) + 3/ 8 K) + f 9 ( Wj ) + 1] , Wj = M%/M^ , (86) 
-iG F m a e {8 4 4 . 2 2 8 . 2 



Z = 8ttV2 ' 1 3 S 6w ~ 3 6w ~ 3 + 3 (1 + " ° w) Ka ' ' 



C 



E~ 



-iGFm a e 

3 



2 

£ \ (^Me 1 )^ (Me'Ye) a [fate) + 2/ 4 (z,) + 2f 5 ( Zj )) , z 3 = M E ./M 2 Z , 



&h = (6A QQ - 1) O (m%, 'Ml) c , (89) 



PW)* M£ [Y£) ja + (Y E ) aj M- [M^Y E/ jt 



2f 5 (hj), hj = M E /M% , (90) 



where /3(a;) to fe{x) are given in to (jBTj) and 



7 - 33a; + 57x 2 - 31x 3 + 6x 2 (3x- llbia; . , 

M*) = ^7—1)4 » (91) 



-1 + Ax - 3x 2 + 2x 2 In 2; 

(X - l) 3 



/«(*) = " 3 , (92) 



, . . 3 - 10a; + 21x 2 - I8x 3 + Ax 4 + 6x 2 In x 

/»(«) = 7^31)4 ■ (»3) 



Comparing (|84|) with the form factor expansion of (|79p . the anomalous magnetic moment can be written in terms of 
the amplitudes computed above: 

a a ee F 2 (0) = + C£° + C| + Cf +C e H + C§~) . (94) 



19 Although this possibility is not completely ruled out, shifting the hadronic cross-section to bridge this gap will naturally increase the 
tension with the lower bound on the Higgs mass, both from LEP [33ll and the SM vacuum stability requirement |43|| . 
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Note that the result given in (|94|) contains the usual SM electroweak component of a a , as well as the contribution 
induced by the new physics. Examining our results, we see that the terms which are not proportional to X aa in 
(|85|) and (|87|) sum up to give the usual prediction of the anomalous magnetic moment from the SM [3(|- Removing 
this component from (|94[) and using the values for X aa given in Table [TTl we obtain the following estimate for the 
anomalous magnetic moments coming from the new physics associated with the exotic lepton triplets: 20 

Aaf ~ -5.4 x 1(T 16 , (95) 
Aaf ~ -2.5 x 10 -11 , (96) 
Aaf ~ -7.6 x 10" 9 , (97) 

where we have again assumed Me, — 100 GeV and Mjj ~ 114 GeV. Looking at (|95|) to (|97|) . we note that these values 
are all negative, meaning that they would not have been helpful in explaining the discrepancy between SM prediction 
and experiments even if they are of the correct magnitude. 21 As it turns out, these contributions are at least one 
order of magnitude less than the experimental errors given for the quantities listed in ([5D"|) to (1521 . Therefore, we do 
not expect the new physics effects from the exotic triplets to be distinguishable from the SM components in these 
experiments. 



VII. CONCLUSION 



Given that the phenomenology of nonzero neutrino masses motivates an extension to the SM, it is natural to 
ask what might be the simplest ways that new physics can couple to known particles. Working exclusively in the 
lepton sector and demanding rcnormalizability and SM gauge invariance as the basic requirements, we concentrated 
on the minimal couplings where there is only one exotic particle appearing per term. Whilst we have found that the 
phcnomcnologies of the majority of exotic particles allowed by this framework have already been closely studied due 
to other motivations such as neutrino mass generation and grand unification, some interesting possibilities remain 
unexplored. Thus, in this work we have focused our attention on one of those, namely the exotic lepton triplets that 
carries nonzero hypercharge and can Yukawa couple to ordinary LH leptons. 

Using a formalism that is similar to that used in the analyses of seesaw models, we have identified and defined 
the key parameter (denoted A throughout) that encapsulates the new physics effects caused by the introduction of 
these exotic triplets. In particular, we note that the off-diagonal entries of this A matrix are the new sources for 
FCNC phcnomenologies. By invoking the limits from low-energy experiments, constraints can then be placed on this 
dimensionless parameter that controls the coupling strength with the exotic leptons. Such investigation is particularly 
worthwhile given that these minimally coupled triplets may give rise to definite collider signatures at the LHC [1| . 

In this paper, we have studied the implications from leptonic W and Z decays and found that the diagonal elements, 
|A QQ |, must be of O (10~ 3 ) to agree with the current limits, while bounds for the off-diagonal entries were obtained by 
investigating their effects on LFV processes such as I — > 3£, £ — > £ lr y and /z-e conversion in titanium nuclei. With the 
exception of |A eM | which has its strongest constraint coming from the fi-e conversion experiments, other off-diagonal 
values receive their most stringent bounds from LFV £ — > 3£ decays. Some of these limits are expected to improve 
significantly when the next generation of experiments have reached their proposed sensitivity. 

Furthermore, the contribution to the lepton anomalous magnetic moment from the new physics was investigated. 
Through explicit computation of the relevant lowest-order loop graphs, it has been concluded that any potential 
contributions on this front are far too small to be detected in experiments at the present time. As a result, introducing 
this type of exotic triplets of leptons into the SM cannot help to explain the muon g — 2 anomaly. 



20 These values are obtained assuming the contribution from 11891 is exactly zero. If one uses the full expression for H89I I. the results would 
only shift by a numerical factor of O (1). 

21 Interestingly, a similar conclusion has been reached in type-Ill seesaw models [T3| . 
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